TWO-VALUED WEAK KLEENE
LOGICS

BruUNO DA RE
https://orcid.org,/0000-0002-2958-7840
University of Buenos Aires and IIF-SADAF
National Scientific and Technical Research Council (CONICET)
Bulnes 642, Buenos Aires, Argentina

brunohoraciodare@gmail.com

DAMIAN SzMUC
https://orcid.org,/0000-0002-7324-0908
University of Buenos Aires and IIF-SADAF
National Scientific and Technical Research Council (CONICET)
Bulnes 642, Buenos Aires, Argentina

szmucdamian@gmail.com

Article Info:

CDD: 160

Received: 17.01.2018; Revised: 24.09.2018; Accepted: 25.09.2018
DOI: http://dx.doi.org/10.1590/0100-6045.2019.V42N1.DB

Keywords:
Weak Kleene Logics
Bivaluations

Logics of nonsense

Abstract: In the literature, Weak Kleene logics are usually
taken as three-valued logics. However, Suszko has chal-
lenged the main idea of many-valued logic claiming that
every logic can be presented in a two-valued fashion. In
this paper, we provide two-valued semantics for the Weak
Kleene logics and for a number of four-valued subsystems of
them. We do the same for the so-called Logics of Nonsense,
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which are extensions of the Weak Kleene logics with unary
operators that allow looking at them as Logics of Formal
Inconsistency (LFIs) and Logics of Formal Undertermined-
ness (LFUs). Our aim with this work, rather than arguing
for Suszko’s thesis, is to show that two-valued presentations
of these peculiar logics enlighten the non-standard behav-
ior of their logical connectives. More specifically, the two-
valued presentations of paraconsistent logics illustrate and
clarify the disjunctive flavor of the conjunction, and dually,
the two-valued presentations of paracomplete subsystems
of Weak Kleene logics reveal the conjunctive flavor of the
disjunction.

1 BACKGROUND AND AIM

This paper has three thematic backgrounds: Weak
Kleene logics, Logics of Nonsense and Suszko’s The-
sis. By Weak Kleene logics we refer to two different
matrix logics, i.e. (Paracomplete) Weak Kleene logic,
symbolized as KY, and Paraconsistent Weak Kleene
logic, symbolized as PWK. These logics are associ-
ated to the 3-element Weak Kleene algebra WK (due
to Kleene in [21], and recently analyzed in [4]) built
using the three-valued weak truth-tables from Kleene
as follows

WK = <{t7 u, f}v {f\TVKv f\/Z\VKv f\\7/VK}>

where the functions fyk, fvi, fwk are

‘ Jwk f\/i\VK ‘ t u f f\\i/VK ‘ t u f
t f t t u f t t u t
u u u u u u u u u u
f t f f u f f t u f

What is interesting of this algebra and of the logics
defined using it (as we shall see next) is that they ex-
hibit a peculiar semantic behavior: they have a truth-
value (v.g. the intermediate truth-value u) that is as-
signed to a compound formula whenever it is assigned
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to one of its components. This justifies referring to
these logics as infectious, contaminating, propagating
or absorbent systems (see e.g. [16], [20], [35] for these
denominations), given they have a value that behaves
in this particular way.

These two different logics are induced by taking the
set of designated values—i.e. the set of values pre-
served from premises to conclusion—not to include the
intermediate value, in the case of KY¥, and to include
the intermediate value, in the case of PWK.! If we
define a logic to be paracomplete whenever the Law
of Excluded Middle is invalid in it, and a logic to be
paraconsistent whenever the Principle of Explosion is
invalid in it, it is easy to see that whereas K3 is a
paracomplete logic, PWK is a paraconsistent logic.

Some readers, though, might object referring to the
latter as Paraconsistent Weak Kleene logic, for Kleene
devised his logics conceiving the intermediate value to
be a truth-value gap or a representative of an indeter-
minate semantics status. But paraconsistent logics are
usually identified with the availability of truth-value
gluts or truth-values representing an inconsistent se-
mantic status. Thus, even if the intermediate value
from the 3-element Weak Kleene algebra is considered
as a designated value, the resulting logic should not
be called Paraconsistent Weak Kleene, for it does not
honor Kleene’s motivation for entertaining the under-
lying algebra.

To this we reply by saying that, although we think
the best way to interpret PWK is by taking the inter-
mediate value to be a truth-value glut (as will be clear
given the two-valued semantics we will offer for it in
Section 4), nothing said in this paper depends on call-
ing the resulting system ‘Paraconsistent Weak Kleene’.
Nevertheless, we will stick to the former denomination,
for it is by now the standard thing to do in the litera-

IFor a precise definition of these systems, see Section 2.
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ture about this systems (cf. [10], [9], [4], [35]). As part
of the present investigation, we will take into consid-
eration four-valued subsystems of these logics, which
also exhibit the sort of infectious semantic behavior
previously discussed. In particular, we will consider
the four-valued logics Stge, dStae, SYe, dSTe.2

By Logics of Nonsense we refer to a collection of
many-valued systems, developed in the last century
by Bochvar [3] and Halldén [19] (later discussed by
Segerberg [31] and others), in order to design logics
where reasoning with nonsensical propositions is pos-
sible. This is done with the help of matrix logics where
formulae can be attributed nonsensical or meaningless
semantic values. Notably—as it is well known—the
logics K§ and PWK correspond to the {—,A,V}-
fragment of, respectively, Bochvar’s and Halldén’s Log-
ics of Nonsense.

Furthermore, the distinctive ingredient of the Log-
ics of Nonsense is that they are equipped with one, or
many operations that take every value (including the
nonsensical value u) to either t or f, thereby ‘classi-
cizing’ the formulae to which they are applied. For
example, Bochvar has an ‘external assertion’ operator
which represents the idea of being true within the lan-
guage, that takes all values except t to f, and naturally
takes t to t (cf. [3]). Halldén, on his own, has a mean-
ingfulness operator which represents the idea of being
either true or false within the language, that takes all
values except u to t, and takes u to f (cf. [19]).

Finally, by Suszko’s Thesis (cf. [33]) we refer to the
claim that every Tarskian many-valued (i.e. matrix)
logic can be provided with a two-valued or bivalent
semantics. The further application of this idea to a
given many-valued logic, to render the corresponding

2All of these logics are defined in Section 3.2. These systems
are referred to, in [35], as the logics Lpe, Linb', Lb'e and Lebr,
respectively.
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two-valued system, is referred to as Suszko’s Reduc-
tion.

The aim of this paper is to study Weak Kleene log-
ics and Logics of Nonsense under the lens of Suszko’s
Thesis, and analyze the resulting systems, specially re-
garding the defined connectives. There are several rea-
sons for having a special interest in the application
of Suszko’s Reduction to these logics. The first is
that—to the best of our knowledge—mo analysis of
logics presenting an infectious behavior of the afore-
mentioned sort was carried out in the literature. The
second is that Logics of Nonsense in particular were
recognized in [6] and [11] as Logics of Formal Incon-
sistency and Logics of Formal Undeterminedness (LFIs
and LFUs, hereafter). Usually, LFIs and LFUs are pre-
sented in terms of bivaluations or two-valued seman-
tics, but Logics of Nonsense are commonly treated as
essentially many-valued. Thus, the present investiga-
tion represents an attempt to bring Logics of Nonsense
closer to the standard formalism entertained when deal-
ing with LFIs and LFUs.

Finally, the main reason for providing suitable two-
valued semantics to Weak Kleene logics is to enlighten
some properties of the systems that, we think, are
somewhat hidden in their many-valued presentations.
In other words, although [5] offer an algorithm for ob-
taining two-valued semantics for a wide range of logics
(including the treated here), our aim here is not to ap-
ply this general method, but to provide some specific
two-valued semantics that we think are natural for the
logics, and also to analyze the peculiarity of the sys-
tems.? In this sense, we are particularly interested in

3As pointed out by an anonymous reviewer, two-valued se-
mantics for the Weak Kleene logics have been presented in [27]
and more recently in [36]. The main difference between these
works and our is in the way in which such semantics are pre-
sented. In the case of Szmuc and Omori’s papers a two-valued
presentation is arrived at by implementing a particular sort of re-

Manuscrito — Rev. Int. Fil. Campinas, v. 42, n. 1, pp. 1-43, Jan-Mar.
2019.



Bruno Da Ré and Damian Szmuc 6

studying the behavior of the connectives in the two-
valued systems and its relation with the concepts of
paraconsistency and paracompleteness.

To this extent, the paper is structured as follows.
In Section 2 we present some preliminaries, related
with technical definitions that we assume for the rest
of the paper. Next, in Section 3 we introduce the infec-
tious logics we will work with from a technical point of
view. In particular, in Section 3.1 we present the three-
valued Weak Kleene logics K3 and PWK and in Sec-
tion 3.2, the four four-valued subsystems of these logics
Stde; dStde, S¥he, dSFge- In Section 4 we will discuss
Suszko’s thesis and some of its philosophical conse-
quences. After this, we will proceed in Section 5 to re-
duce the many-valued logics above mentioned. Specifi-
cally, in Section 5.1 we introduce two-valued semantics
for the three-valued logics. In Section 5.2, we do the
same for the four-valued subsystems: Stge, dStqe, Stae
and dS¥j,. Thorough this section, we not only present
the technical reduction of the logics, but also we dis-
cuss the specific behavior of the connectives in the two-
valued systems. Finally, in Section 6, as mentioned
before, we consider Logics of Nonsense from a techni-
cal point of view, i.e. as resulting from adding a unary
operator to the three-valued Weak Kleene logics and

lational semantics called plurivalent logics after Graham Priest’s
paper [29], while in our case a two-valued presentation is arrived
at through functional semantics in the spirit of bivaluations.
There is, though, the possibility of translating the bivaluations
presented here to a relational semantics, in the vein of what
is pointed out in [36, fn. 15], i.e. a sort of Dunn-semantics
where truth and falsity conditions are independently provided
for each connective. However, even in this case, the kind of two-
valued relational semantics that one would arrive at would be of
a radically different type than those discussed in [27] and [36].
The reason for this is that truth and falsity conditions are not
provided independently in the context of plurivalent semantics,
but are systematically induced for all the connectives—as ex-
plained in [20]—by the operations of the power algebra of the
two-element Boolean algebra.
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considering them as LFIs and LFUs. Later, in Section
6.1, as was done with the other logics, we provide a
two-valued semantic for them. We close the article in
Section 7, with a number of concluding remarks.

2 TECHNICALITIES

Definition 2.1. Let Prop be a denumerable set of

propositional variables and let ¥ = |J X, be a propo-
neN
sitional language, such that each ¥, is a set of connec-

tives, for which ¥, NY,, = 0, if n # m. X, is the
set of n-ary connectives. In particular, the elements
of ¥ are usually called constants. FOR(X) is the ab-
solutely free algebra of formulae generated by ¥ over
Prop, whose universe we denote by FOR(Y).

Definition 2.2. A Tarskian consequence relation over
a propositional language ¥ is identified with a rela-
tion - C p(FOR(X)) x FOR(X) obeying the follow-
ing conditions for all A € FOR(X) and for all I', A C
FOR(%):

1. THA if AeT (Reflexivity)

2. fTHAand I' CTV, then I = A (Monotonicity)

3. fAFAand '+ B for every B € A, then ' A
(Cut)

Additionally, a (Tarskian) consequence relation F is
substitution-invariant whenever if I' F A, and o is
a substitution on FOR(X), then {o(B) | B € '} I
o(A).

Definition 2.3. A Tarskian logic over a propositional
language ¥ is an ordered pair (FOR(X),F), where F
is a substitution-invariant Tarskian consequence rela-
tion.
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Definition 2.4. For ¥ a propositional language, a >-
matriz is a structure M = (V, D, O), such that (V, O)
is an algebra of the same similarity type as X, with
universe V and a set of operations O, and D C V.

Notice, in the first place, that the set O includes
for every n-ary connective ¢ in the language ¥, a cor-
responding n-ary truth-function f3,: V" — V. With
regard to these, when context allows it, we will some-
times identify the connectives themselves (which are
linguistic items), with their corresponding truth func-
tions in a given matrix. In the second place, notice
that typically, when dealing with non-classical logics,
the set V is taken to be a superset of {t,f}.

Definition 2.5. For M an Y-matrix an M-valuation
v is an homomorphism from FOR(X) to V respecting
that for all f}, € O:

v(f?vl(vla s 7Vn)) = f/ovl(v(vl)7 s ’U(Vn))

for which we denote by v[I'] the set {v(B) | B € T'}, i.e.
the image of v under I'.. When V = {t,f} we call the
valuation Boolean or, alternatively, we refer to it as a
bivaluation. The set of all M-valuations is denoted by

VM.

Definition 2.6. A logical matrix M = (V,D,O) in-
duces a substitution-invariant consequence relation F x4
by letting:

I' Ep A < for every valuation v € VM if
v[['] C D, then v(A) € D

Whence, the pair (FOR(X),F), is a substitution-
invariant Tarskian consequence relation, to which we
might refer as the matriz logic L induced by or asso-
ciated to M.
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Moreover, when some logic L is induced by a single
matrix M, we may interchangeably refer to Faq as Fr,
and replace talk of M by talk of L and viceversa.

Now, from the immense set of matrix logics, in this
paper we decided to focus in a proper and peculiar
subset, to which the Weak Kleene logics belong: that
of the infectious logics. Intuitively, infectious logics
are matrix logics where a compound formula receives
a given truth-value if some of its components receives
that truth-value, first.

Definition 2.7. We say that alogic L = (FOR(X), Fm
) is infectious if and only if there is an element x €
V such that for every m-ary operator ¢ and for all
Vi,...,Vp €V:

if x € {v1,...,Va}, then f{ (v1,...,vy) =x

As advertised, from these infectious logics, we will
be furthermore interested in two particular cases: the
three-valued (Paracomplete) Weak Kleene and Para-
consistent Weak Kleene logics. Therefore, we proceed
to present these systems in their corresponding matrix
settings.

3 THE LOGICS

3.1 Weak Kleene Logics

Definition 3.1. The internal propositional language
! is defined by X = 0, =1 = {=}, =L = {A, v},
NI =0, forn > 2.

Definition 3.2. For X € {KY,PWK}, a three-valued
X-matrix is the following ¥/-matrix, where where

{t,u, f}, {fwk: fovk: fwwk }) is the 3-element Weak
Kleene algebra

MK;" = <{tv u, f}’ {t}’ {f\_i/'K’ f\/7\VKa f\\i/VK}>
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MPWK = <{t7 u, f}7 {t7 LI}, {f\?VK? f\/7\VK7 f%/VK}>
Definition 3.3. For X € {KY},PWK}, the three-
valued logic X = (FOR(X!),Fx) is defined as follows,
letting VX be the set of M x-valuations

I' Fgy A <= for every valuation v € VKS if
v[[] C {t}, then v(A) € {t}

I' Epwk A <= for every valuation v € VPWK if
v[['] C {t,u}, then v(A) € {t,u}

Along with KY¥ being a paracomplete and PWK
being a paraconsistent logic, i.e. with it being the case
that

B#K‘évA\/—!A AN-AFpwk B

it is also the case that these logics are subclassical in
yet another more profound sense: they invalidate some
characteristic classically valid inferences regarding, re-
spectively, disjunction and conjunction. Namely,

A}L‘KEVAVB ANBFpwk B

which makes it fair pointing out that these logics count
with rather weak disjunctions and conjunctions. In
Section 5, we will discuss some conceptual or philo-
sophical reasons for such failures, which will also be
incarnated in our clauses for disjunction and conjunc-
tion in the two-valued presentations for K3 and PWK
that we will advance later on.

3.2 Four-valued subsystems of Weak Kleene Logics

Some of the four-valued subsystems of Weak Kleene
Logics that we are about to present—to be precise,
those that are subsystems of Paracomplete Weak Kleene—
were introduced many times in the literature, indepen-
dently by many authors and at very different given
times. More recently, they were discussed (together
with many more systems) in |35].
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Definition 3.4. The 4-element algebra SWKy is de-
fined as

SVVI<4 = <{tv iv u, f}a {f§WK47 fé\WK4a f§WK4}>

where the functions fgwk,, féwk,> fSwk, are

fowk, |t i u f féwk, |t i u f
t t i u f t t t u ¢t
i i i u f i t i u i
u u u u u u u u u u
f f f u f f t i u f

Definition 3.5. For X € {S¢ge, dStqe}, a four-valued
X-matrix is the following ¥/-matrix, where

<{t7 i7 u, f}v {f§WK47 fé\WK4’ fg/WK4}> is the 4-element
algebra SWKy

Msfde = <{t7 iu, f}7 {t7 i}7 {f§WK47 fé\WK47 fgWK4}>

Mdsfde = <{t7 iu, f}7 {t7 u}7 {f§WK47 fé\WK4’ fg/WK4}>

Definition 3.6. For X € {Stge,dStqe}, the four-
valued logic X = (FOR(X!),Fx) is defined as follows,
letting VX be the set of M x-valuations

I Fs,, A <= for every valuation v € VS _if
v[['] C {t,i}, then v(A) € {t,i}

' Fgs,,. A <= for every valuation v € V45w if
v[[] C {t,u}, then v(A) € {t,u}

In particular, the logic S¢qe was first discussed by
Harry Deutsch in [15] as the first-degree fragment of his
intensional logic S, designed with the aim of modelling

Manuscrito — Rev. Int. Fil. Campinas, v. 42, n. 1, pp. 1-43, Jan-Mar.
2019.



Bruno Da Ré and Damian Szmuc 12

analytic inferences. This logic was later rediscovered
by Melvin Fitting in [17] as a four-valued generaliza-
tion of Paracomplete Weak Kleene Logic, motivated by
Fitting’s epistemic understanding of truth-value gaps
and truth-value gluts as modelling cases in which qual-
ified experts expressed no opinion (neither positive nor
negative), and where they expressed an inconsistent
opinion (both positive and negative) towards a certain
issue. It was also rediscovered by Carlos Oller, who
proposed it in [26] as a logic that solved some of the
“paradoxes” of Parry’s analytic implication, presented
in [28]. Finally, it was recently reconsidered by Gra-
ham Priest in [29] as the logic induced by Priest’s gen-
eralized plurivalent semantics, which allow sentences
to receive more than one truth-value of a given set
and, in this generalized setting, allow also sentences to
receive no truth-value of a given set. If, along the pre-
vious lines, we think of St4. as a logic counting with
both truth-value gluts and truth-value gaps, such that
the latter are infectious, while the former are not, then
validity in this logic can be standardly understood as
truth-preservation from premises to conclusion.

The logic dS¢ge has not received such an exten-
sive discussion in the specialized literature, although
some works analyze it under the lens of both Fitting
epistemic semantics and Priest’s plurivalent logics, i.e.
[35] and [27], respectively. Drawing the analogy with
the previous case, we can think of dSz4. as a logic
having both truth-value gluts and truth-value gaps,
such that the former are infectious, while the latter
are not. In this vein, validity in this logic can also
be standardly understood as truth-preservation from
premises to conclusion. This is, in fact, the reading
assumed throughout [14], were these systems are put
to use in the analysis of semantic paradoxes.

Moreover, in [35], two additional subsystems of three-
valued Weak Kleene Logics were discussed, the sys-
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tems S¥, and dS¥,.

Definition 3.7. The 4-element algebra WKy is de-
fined as

WK4 = <{t7 u, ua, f}7 {f;VKéu f\/i\VK47 f‘\7/VK4}>

where the functions fuwk,, fivi, fwik, are

t t u up 18 5) t
u; u; up u1 u2 ux
U2 Us U2 uz u2 uz
f f w u uz f

Definition 3.8. For X € {S},,dS¥;.}, a four-valued
X-matrix is the following ¥/-matrix, where

({t,ur, u, 3, { vk, fvk, fivi, J) 18 the 4-element
algebra WKy

MS}"ée = <{t7 up, uz, f}7 {t7 U1}, {fV_‘VK47 f\/7\VK47 f‘\}/VK4}>

MdS}“ée = <{t,U.1,U.2, f}7 {t7 u2}7 {f;VKép f\/7\VK47 f\\7/VK4}>

Definition 3.9. For X € {S¥.,dS}..}, the four-
valued logic X = (FOR(X!),Fx) is defined as follows,
letting VX be the set of M x-valuations

[ Fsw A <= for every valuation v € VSke  if
v[[] C {t,u1}, then v(A) € {t,u;}

I Fasy, A <= for every valuation v € VS if
v[[] C {t,uz}, then v(A) € {t,us}
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If validity is taken to be truth-preservation, then
these logics can be interpreted as systems with infec-
tious truth-value gaps and infectious truth-value gluts,
such that in the case of S¥j, gaps are “more infectious”
than gluts, and in the case of dST;, gluts are “more in-
fectious” than gaps. This is, again, the route taken in
[14].

To close this preliminary section, we provide a few
examples of the inferential failures provoked by the
peculiar behavior of the logical connectives in these
Weak Kleene logics.

\ng PWK S¢qe dSsse S¥. dSTie
BEAV-A X v X X X X
AEAVB X v X v X X
AN-AFE(AN-A)VB | v v X v X v
AN-AEB v X X X X X
ANBEA v X v X X X
(AV-A)ABEAV-A| V v v X v X

4 SUSZKO’S THESIS AND SUSZKO’S RE-
DUCTION

In the last section we introduced a number of Weak
Kleene logics characterized in terms of many-valued
semantics. So, in this context, one could ask whether
or not it is possible to give two-valued semantics for
these logics, or if they are irreducibly many-valued.
More generally, one might be interested to know
whether or not it is possible to give two-valued se-
mantics for any many-valued logic whatsoever. The
Polish logician Roman Suszko thought the answer to
this last question is, indeed, positive. Thus, in [34]
he proposed the so-called Suszko’s Thesis stating, as
Carnielli, Caleiro, Coniglio and Marcos say in [5], that
“there are but two logical values, true and false”. This
thesis implies, as Tsuji puts it in [37], that “many-
valued logics do not exist at all”, meaning that they are
not genuinely many-valued. In fact, in his original pa-
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per, Suszko argues against Lukasiewicz? claiming that
he

is the the chief perpetrator of a magnificent
conceptual deceit lasting out in mathemat-
ical logic to the present day ([34, p. 377|)

Roughly speaking, Suszko’s idea is to distinguish
between algebraic values and logical values. In this
sense, when a logic is characterized by a many-valued
matrix these values are playing a merely algebraic role.
On the other hand, once we turn our attention to philo-
sophical or ontological notions, there are only two log-
ical values: truth and falsity, represented by the set
of designated and undesignated values, respectively.
Thus, he claims that algebraic valuations and logical
valuations “are functions of quite different conceptual
nature” (|34, p. 378|), given logical valuations relate
formulas with truth or falsity, while algebraic valua-
tions represent reference assignments.

Furthermore, this thesis is sustained with the so-
called Suszko Reduction: every Tarskian many-valued
logic can be characterized with a bivalent semantics.
Intuitively speaking, the main idea of the reduction
consists in dividing the set of semantic values between
designated and non-designated ones, and so identi-
fying the concept of designated with truth and non-
designated with falsity.

Following this idea, Suszko claims that three-valued
logics such as Lukasiewicz three-valued logic i3 have
just two logical values, but can be characterized by
means of 3-element algebras, i.e. structures with three
algebraic elements. Although Suszko showed in [33]
how to build a two-valued semantic for kg, it is not
the aim of this section to give a detailed proof of this

4Let’s recall that Lukasiewicz worked on many-valued logics,
and, among others, proposed the very well known system 3 (cf.
[22]), on which more below.
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reduction, but just an intuitive idea. In order to do so,
however, we need to introduce the logic k3.

Definition 4.1. The propositional language 7 is de-
fined by 35" =0, X7 = {=}, 357 = {A, =}, 8,7 =0,
for n > 2.

Definition 4.2. A three-valued ¥.3-matrix is the fol-

lowing ¥ 7-matrix

MLs = <{t7 u, f}7 {t}7 {fi‘g? f£\37 f]?\g,}>

where the functions fg', fﬁs, ffg are defined as follows:

‘ fe, fﬁS ‘ t u f fol ‘ t u f
t f t t u f t t u f
u| u u |lu u f u |t t u
f t f f £ f f |t t ¢t

Definition 4.3. The L3 = (FOR(L),Fg.,) is a three-
valued logic defined as follows, letting V¥ be the set
of Mg,,-valuations

[ kg, A <= for every valuation v € VE3_ if
v[[] C {t}, then v(A) € {t}

So, once the logic is defined, let us informally present
how to give a two-valued semantics for it.> The main
idea is to divide the set of semantic values into desig-
nated and non-designated ones. This is done by means
of a function t,, transforming e.g. the three-valued val-
uations v € VI3 into bivaluations:

(B) = {t if v(B) = t

f otherwise

In the particular case of the logic k3, the function
t, : FOR(X7) — {t,f}, can be defined by t,(B) =

SHere, we are not following the original notation found in
[33], but an adaptation to more contemporary terminology.
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v(=(B — —B)), generalizing this in the intuitive way
to t,[[] for I' € FOR(X7). Thus, by looking at the
tables it is straightforward to check that =(B — —B)
always receives a classical value in every v € VE3. Fi-
nally, it is easy to confirm that

I Fy, A <= for every valuation v € VI3 if
t,[I'] C {t}, then t,(A) € {t}

In other words, as Suszko claims, ¥.3 “may be seen
as a two-valued logic” [33, p. 87]. In the next section,
we will see in details how this reduction can also be
carried out for Weak Kleene logics and the Logics of
Nonsense.°

Finally, let us remark that Suszko’s Thesis and the
corresponding reduction have a quite non-effective or
non-algorithmic side to them, for as Caleiro, Carnielli,
Coniglio and Marcos remark

Suszko’s Reduction does not give you any
hint, in general, on how a 2-valued seman-
tics could be determined by anything like
a finite recursive set of clauses, even for
the case of logics with finite-valued truth-
functional semantics. [5, p. 4, our empha-
sis|

which motivates the authors to provide, in the cited
work, an effective technique to carry out the reduction,

Let us mention that Malinowski ([23] and [24]) challenged
this approach and proposes the so-called ¢-consequence relation.
In these works, he shows that there exist g-consequences lacking
two-valued semantics and being essentially three-valued. Later
on Frankowski ([18]) and Wansing and Shramko ([32]) advanced
their proposals of p-consequence relations and k-dimensional
consequence relations, respectively, by means of which logics
are said to be also genuinely many-valued. Interesting as these
alternatives are, here we will focus on Suszko’s proposal and
we will put aside the arguments spelled out by Malinowski and
others.
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for logics that are sufficiently expressive, i.e. that have
means to “separate”’ truth-values appropriately.

In what follows, though, we will not be pursuing a
reduction for Weak Kleene logics and Logics of Non-
sense based on the algorithmic method presented by
Caleiro, Carnielli, Coniglio and Marcos, since we will
base our reduction on the intuitive and direct reading
of the connectives. However, we would like to highlight
that, from a technical point of view, an application of
such a method to the logics in questions would lead,
unfailingly, to an equivalent outcome.

5 SUSZKO’S REDUCTION APPLIED

In this section we will provide two-valued semantics
for the logics presented in Section 3 and we will discuss
the properties of the obtained systems, focusing on the
non-standard features of their connectives. So, first
we will focus on Weak Kleene logics and then we will
turn our attention to Logics of Nonsense, in the next
section.

In order to define two-valued versions of the afore-
mentioned logics, it will be important to consider bi-
valuations constrained by a number of clauses. These
we enumerate in what follows. For what is worth, most
of the denominations are taken from, or inspired by the
ones appearing in, the reference text [6]. In the case of
clause (vINeg)’ is the converse of clause (vINeg) ap-
pearing in [6], but is not mentioned throughout that
text. Finally, clauses (vOr*) and (vAnd*), as well
as the clauses (vOr**) and (vAnd**), refer to the
non-standard clauses for disjunction and conjunction
in Weak Kleene Logics that are original to the present
essay.
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5.1 Two-valued Weak Kleene Logics

Let us consider (Paracomplete) Weak Kleene logic first.
With regard to this system we have already seen, in
previous sections, that its disjunction works in a pretty
odd or strange way, by invalidating e.g. the inference
usually regarded as V-Introduction: AE AV B.

The most straightforward explanation for this is
due to Bochvar himself. Bochvar considered that sen-
tences could be one of true, false and neither-true-nor-
false and—more importantly—thought that neither-
true-nor-false sentences were nonsensical, thereby tak-
ing any sentence which had a neither-true-nor-false
component to be classified in that way, too. In ad-
dition to that, he took valid inferences to be charac-
terized by truth-preservation; in other words, an infer-
ence was taken to be valid by Bochvar if and only if it
had a true conclusion whenever it had true premises.

Thus, it is e.g. Ferguson’s understanding that dis-
junction in paracomplete infectious logics—such as Weak
Kleene logic—has a conjunctive flavor. By this he
means that, in Bochvar’s case, a disjunction is true if
and only if at least one of its disjuncts is true and none
of its disjuncts is neither-true-nor-false, i.e. an admit-
tedly conjunctive requirement that is stronger than the
classical truth-condition for disjunction.

Now, if we take truth-value gaps (i.e. neither-true-
nor-false-sentences) to be represented in a two-valued
setting by sentences such that A and —A are false, the
Bochvar-Ferguson reading of disjunction in paracom-
plete infectious logics such as Weak Kleene becomes
the following: a disjunction is true if and only if at
least one of its disjuncts is true and each of its dis-
juncts is such that either it or its negation is true. It
can be easily observed that this is clearly incarnated
in the nonstandard clause (vOr*) for disjunction that
we propose below.
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Definition 5.1. A bivaluation v : FOR(X!) — {t,f}
satisfying the following clauses is a ng" valuation:

(vNeg)’ v(-A) =t = w)=f
(vAnd) v(AAB)=t <= v(A)=tandv(B)=t

v(A) =t or v(B) =t, and
(vOr*) w(AVB)=t v(A) =t or v(—-A) =t, and
v(B)=torv(-B)=t

The set of all such valuations is VK3 .

Definition 5.2. Let JKY = (FOR(X'),Fakw) be a
two-valued logic defined such that

[ Fogw A <= for every valuation v € VK if
v[['] C {t}, then v(A) € {t}

Let us consider Paraconsistent Weak Kleene logic
now. With regard to this system we have already seen,
in previous sections, that its conjunction works in a
pretty odd or strange way too, by invalidating e.g. the
inference usually called A-Elimination: A A B E A.

The most straightforward explanation for this is
due to Halldén himself. Halldén considered that sen-
tences could be one of true, false and neither-true-
nor-false, just like Bochvar, and—more importantly—
thought that neither-true-nor-false sentences were non-
sensical, thereby taking any sentence which had a neither-
true-nor-false component to be classified in that way,
too. Furthermore (here lies the difference with Bochvar)
he took valid inferences to be characterized by non-
falsity-preservation; in other words, an inference was
taken to be valid by Halldén if and only if it had a non-
false conclusion whenever it had non-false premises.

Some philosophers think, though, that analetheism,
i.e. the idea of non-falsity preservation as a motivation
for paraconsistent logics (as is the case with Halldén’s
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motivation for his logic of nonsense, of which Para-
consistent Weak Kleene is a fragment) is ill-conceived,
because it is in conflict with the idea that truth is the
aim of assertion—for more on this, see the recent de-
bate in [2] and [1]. In line with this, then, we might ask
if it is possible to construct an interpretation of Para-
consistent Weak Kleene that treats the non-classical
infectious value as both-true-and-false. The answer is
that this is actually possible and, moreover, easy to
do—as Roberto Ciuni shows in [9].

Thus, it is e.g. Ciuni’s understanding in [9] that
conjunction in paraconsistent infectious logics—such
as Paraconsistent Weak Kleene logic—has a disjunc-
tive flavor. By this he means that a conjunction is
true if and only if both of its conjuncts are true or
some of its disjuncts is both-true-nor-false, i.e. an ad-
mittedly disjunctive requirement that is weaker than
the classical truth-condition for conjunction.

Now, if we take truth-value gluts (i.e. both-true-
and-false-sentences) to be represented in a two-valued
setting by sentences such that A and —A are true, the
Ciuni’s reading of conjunction in paraconsistent infec-
tious logics such as Paraconsistent Weak Kleene be-
comes the following: a conjunction is true if and only
if both of its conjuncts are true or some of its con-
juncts is such that both it and its negation are true. It
can be easily observed that this is clearly incarnated in
the nonstandard clause (vAnd*) for conjunction that
we propose below.

Definition 5.3. A bivaluation v : FOR(2!) — {t, f}
satisfying the following clauses is a 2PWK valuation:

(vNeg) v(-A)=f = vd)=t

(vOr) vWAVB)=t <= wv(A)=torv(B)=t

(vAnd*) v(AAB)=t < v(A) =t and v(—A) =t, or
t
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The set of all such valuations is V:PWK

Definition 5.4. Let 2PWK = (FOR(X!), Fapwik)
be a two-valued logic defined such that

[ Fapwi A <= for every valuation v € VPWK_jf

v[['] C {t}, then v(A) € {t}

Are these, then, the two-valued versions of the Weak
Kleene logics that we are aiming at? Not yet. As is
noticed by Lucas Rosenblatt in [30], valuations con-
structed in these or similar ways do not respect Involu-
tivity for negation, or any of the De Morgan properties
for conjunction and disjunction.

Fact 5.5. There are bivaluations v in VX8 and V:PWK
such that

v(——A) v(A)
v(=(A A B)) v(mAV -B)
v(=(AV B)) # v(-AA-B)

4
#

Proof. We prove the three cases separately.

For v(——A) # v(A):

o Let v € VK5 and let v(A) = f. This allows
v(—A) = f and, finally v(—-—A) = t.

o Let v € V:PWK and let v(A) = t. This allows
v(—A) =t and, finally v(——A4) =f.

For v(=(A A B)) # v(-mAV —B):

e Let v € VK and let v(A) = £, v(B) = t. This
allows v(=A) = t, v(-B) = f, v(AAB) = f
and, finally by (vNeg)’, v(=(AA B)) =f. In
addition, it can be established by (vOr*), that
v(mAV -B) =t.
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o Let v € V:PWK 4nd let w(A) = £, v(B) = t.
This allows to establish by (vINeg) that v(—A) =
t and v(—B) = t. Moreover it can be established
by (vAnd*) that v(A A B) = t and, finally by
(vNeg)’, that v(=(A A B)) = f. In addition, it
can be shown by (vOr) that v(-AV —B) =t.

For v(=(AV B)) # v(-A A —B):

o Let v € VK and let v(A) = £, v(B) = t. This
allows to establish by (vNeg)’ that v(—-A) = f
and v(—B) = f. Moreover it can be established
by (vOr*) that v(AV B) = f and, finally by
(vNeg)’, that v(=(A V B)) = t. In addition, it
can be shown by (vAnd) that v(-AA-B) =f.

o Let v € V:PWK and let w(A) = £, v(B) = t.
This allows v(—=A) =t, v(-B) =f, v(AVB) =t
and, finally by (vINeg), that v(=(4 V B)) = t.
In addition, it can be shown by (vAnd*) that
v(mAAN-B)=f. O

This allows us to establish that the previously de-
fined two-valued logics are indeed proper subsystems
of the three-valued target systems.

Fact 5.6. 2K} C K¥

Proof. Assume that I' ¥xw A and let a K¥-valuation
v such that v[I'] C {t} and v(A) ¢ {t} witness this
fact. Construct a valuation v* as follows:

o If v(¢) = u, then v*(¢) =f
o If v(¢) # u, then v*(¢) = v(¢)

for every propositional variable ¢ € Prop. By a straight
forward induction it can be shown that v* is a 2K} -
valuation such that v*[I'] C {t} and v*(A) ¢ {t}, wit-
nessing the fact that I' Fagcw A. Thus, 2K¥ C KY.

Manuscrito — Rev. Int. Fil. Campinas, v. 42, n. 1, pp. 1-43, Jan-Mar.
2019.



Bruno Da Ré and Damian Szmuc 24

Now, that EK‘:Q’ is a proper subsystem of K¥ can be
established by, first, noticing that” the inference forms
of Double Negation and the De Morgan laws, i.e.

-—A = A
-(AAB) = -AvV-B
-(AvB) 9 -AA-B

hold in K3, whereas they do not hold in EKE", as can
be shown by using the valuations cited in Fact 5.5
above. O

Fact 5.7. 2PWK C PWK
Proof. Similar to the proof of Fact 5.6. O

Thus, given the above, it is reasonable to think that
restricting the above set of two-valued valuations to
those which respect the following De Morgan proper-
ties will suffice to render two-valued versions of the
Weak Kleene Logics.

(VNeg)” v(-=4) = v(A)
(vDM,) v(=(AAB))=v(=AV-B)

(vDMy) v(=(AV B))=v(=AA-B)

That this is, indeed, the case, is verified by the proofs
below.

Definition 5.8. We denote by V'KY and VPWK
the proper subset of, respectively, ViKY and VIPWK
valuations, that satisfy—additionally—the De Morgan
clauses (vNeg)”, (vDM,) and (vDMy).

Definition 5.9. Let 2KY = <FOR(EI),':2K§/> be a
two-valued logic defined such that

"We express the conjoined fact that C = D and D E C' sym-
bolizing it as C' 9F D.
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I' Fagw A <= for every valuation v € V2K§v, if

v[[] C {t}, then v(A) € {t}

Definition 5.10. Let 2PWK = (FOR(X!), Fapwik)

be a two-valued logic defined such that

I' Fopwi A < for every valuation v € VQPWK7 if
v[[] C {t}, then v(A) € {t}

Fact 5.11. 2K} = K¥

Proof. The proof of the left to right direction is essen-

tially as in the proof of Fact 5.6. The proof of the right
to left direction goes as follows. Assume I' Fogw A.

Thus, there is a 2KY¥-valuation v such that v[['] C {t}
and v(A) ¢ {t} witness this fact. Construct a valua-
tion v* as follows, letting ¢ be any atomic formula:

o If v(¢p) = v(—¢), then v*(¢) =u
o If v(¢) # v(=¢), then v*(¢) = v(¢)

Again, by a straightforward induction it can be ob-
served that v* is a K¥-valuation such that for every
formulae B:

o If v(B) =t, then v*(B) =t

e If u(B) =f, then either v*(B) =uor v*(B) =f

Moreover, it is a K¥-valuation such that v*[['] C
{t} and v*(A) ¢ {t}, thereby witnessing the fact that
T Egy A 0
Fact 5.12. PWK - PWK

Proof. Similar to the proof of Fact 5.11, with the only
difference that in the above proof we need to change
the clauses for the construction of v* in the obvious
way, and we get that:

o If v(B) =f, then v*(B) =f

o If v(B) = t, then either v*(B) = u or v*(B) =
t O
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5.2 Two-valued subsystems of Weak Kleene Logics

In this subsection, we will provide two-valued seman-
tics for the four-valued subsystems of Weak Kleene
Logics above presented: Sgge, dStde, SThe and dS¥i..
We begin with the first two.

Definition 5.13. A bivaluation v : FOR(%!) —
{t, £} satisfying the clauses (vOr*), (vAnd), (vDM,),
(vDM,) and (vNeg)” is a 2Sgqe valuation. The set
of all such valuations is VSt

Definition 5.14. Let 2Stq0 = (FOR(X!),F2g,, ) be
a two-valued logic defined such that

I' Fag,,. A <= for every valuation v € Vgsfde, if
v[[] C {t}, then v(A) € {t}

Definition 5.15. A bivaluation v : FOR(X!) —
{t, f} satisfying the clauses (vOr), (vAnd*), (vDM,),
(vDM, ) and (vNeg)” is a 2?dSzqe valuation. The set
of all such valuations is VSt

Definition 5.16. Let ?dStqe = (FOR(X!), Faqg,,.)
be a two-valued logic defined such that

I Faqg,,, A <= for every valuation v € Y dSse if
v[[] C {t}, then v(A) € {t}

It’s worth mentioning that the clauses for the valu-
ations of 2Stqe are a proper subset of the clauses given
for 2K . In fact, from a two-valued perspective, the
only difference between these two logics has to do with
negation: whereas the valuations of 2K} are restricted
by the clause (vNeg), 2Stqge lacks such a restriction.
This is due to the fact that sentences in S¢ge are al-
lowed to be such that both them and their negations
are true or, alternatively, designated. This shall be
modeled in the two-valued semantics for it, i.e. in the
system 2Sgqe, by lifting the constraints on negated for-
mulae imposed by clause (vNeg).
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Dually, the clauses for the valuations of 2dS¢ge are
a proper subset of the clauses given for 2PWK, and,
from a two-valued perspective, whereas the valuations
of 2PWK are restricted by the clause (vINeg)’, ?dS:qe
lacks a similar restriction. Again, this is due to the
fact that sentences in dS¢ge are allowed to be such
that both them and their negations are false or, alter-
natively, undesignated. This shall be modeled in the
two-valued semantics for it, i.e. in the system 2dSsqe,
by lifting the constraints on negated formulae imposed
by clause (vNeg)’.

Therefore, all what we claimed about the behaviour
of disjunction in the two-valued presentation of K3,
and about conjunction in the two-valued presentation
of PWK can be directly extrapolated to the proper-
ties of these connectives in ?S¢qe and in ?dSgge, re-
spectively.

As expressed in the following two facts, the two-
valued logics we just built are equivalent to the sys-
tems induced by the corresponding four-valued pre-
sentation.

Fact 5.17. 2Sfde = Sfde.

Proof. To prove the left to right direction, suppose
that I' Fg,,, A. Therefore, there must be a Sgqe-
valuation, v, such that v[I'] C {t,i}, but v(A) ¢ {t,i},
witnessing this fact. So, let’s build a valuation v*, such
that for each propositional letter ¢:

o If v(¢) € {t,i} then v*(¢) =t.

o If v(¢) ¢ {t,i} then v*(¢) =f.

By a straightforward induction it can be shown that
v* is a 2Sgge-valuation, such that v*[I] C {t}, but
v*(A) ¢ {t}, and therefore I' F2g _ A.

To prove the right to left direction, suppose that
I' Fag,, A. Therefore, there must be a 2S¢46-valuation,
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v, such that v[['] C {t}, but v(A) ¢ {t}, witnessing
this fact. Thus, let’s build a valuation v*, such that
for each propositional letter ¢:

o If v(¢) =t and v(¢) = v(# @) then v*(¢) =1i.

o If u(¢) =f and v(¢) = v(# @) then v*(¢) = u.
o Otherwise, v(¢) = v*(¢).

Again, by a typical induction, it’s straightforward
to check that for every formula B,

o If v(B) =t then v*(B) € {i, t}.
o If v(B) =f and v*(B) € {u,f}.

It’s worth noting that the only problematic case
in the induction is related with disjunction, since the
infectious value u is not designated. In other words,
given two formulae B and C, it’s not sufficient that
v*(B) € {i,t} or v*(C){i, t} in order to guarantee that
v*(BV C) € {i,t}, since if, for instance, v*(B) = u
then v(B Vv C) = u, no matter if v*(C) € {i,t}. This
is solved by clause (vOr*), which explicitly gets rid of
this case.

Therefore, it can be easily shown that v* is a Sgge-
valuation, such that v*[I'] C {i,t}, but v*(A4) ¢ {i, t},
and thus I' Fg,,, A.

O

Fact 5.18. 2dsfde = dsfde-

Proof. The proof is similar to the proof of Fact 5.17.
The main difference is that, in order to proof dS¢ge C
2dS+4e, the problematic case in the induction is related
with conjunction, and not with disjunction. However,
in the same way as in the previous proof that was
solved by clause (vOr*), in this case it’s solved by
clause (vAnd*). O

Manuscrito — Rev. Int. Fil. Campinas, v. 42, n. 1, pp. 1-43, Jan-Mar.
2019.



Two-Valued Weak Kleene Logics 29

So far, both of the two-valued versions 2Sgqe and
2dS¢4e Of the logics Sgqe and dSgqe were built just
deleting one of the clauses of 2K¥ and PWK, re-
spectively. However, things are more complicated in
the case of the logics ST}, and dS¥..

As we will see next, we need to make further re-
strictions in the clauses of the connectives. This is not
surprising at all, since both of them are much weaker
subsystems of the usual Weak Kleene Logics. We pro-
vide next the technical definitions and later discuss the
extent to which they are philosophically justified.

Definition 5.19. A bivaluation v : FOR(X!) —
{t, f} satisfying (vOr*), (vDM,), (vDMy), (vNeg)”
plus the following clause is a 2S}¥,, valuation:

(v(A) =t and v(B) = t, or
v(A) =t and v(—A) =t, or
v(B) =t and v(—B) = t)

(vAnd**) v(AAB)=t <
and

(v(A) =t or v(—A) =t, and
v(B) =t orv(—B) =1t)

The set of all such valuations is V> S¥e.

Definition 5.20. Let 2S¥,, = (FOR(EI)J:QSP&E) be
a two-valued logic defined such that

I' Fogw A <= for every valuation v € VSt if
v[[] C {t}, then v(A) € {t}

Definition 5.21. A bivaluation v : FOR(X!) —
{t, f} satisfying the following clauses (vAnd)*, (vDM,),
(vDM,), (vINeg)” plus the following clause is a 2d S},
valuation.
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(v(A) =t or v(B) =t, and
v(A) =t or v(—A) =t, and
v(B) =t or v(—B) =t)

(vOr*) w(AVB)=t <<=
or

(v(4) =t and v(—A) =t, or
v(B) =t and v(—~B) = t)

The set of all such valuations is V9Ste

Definition 5.22. Let ?dS}, = (FOR(X'),F2qsy )
be a two-valued logic defined such that

[ Foggw A <= for every valuation v € V2ds¥§e, if
v[['] € {t}, then v(A) € {t}

The cumbersome clauses (vAnd**) and (vOr**)
are intended to model in a two-valued setting the pe-
culiar behavior of conjunction and disjunction in the
logics S¥;. and dSYj,, respectively. To see this, we
should keep in mind the interpretation of S¥j, and
dST. as logics counting with infectious truth-value
gluts and infectious truth-value gaps, such that gaps
are more infectious than gluts in S¥,,, while gluts are
more infectious than gaps in dS¥j..

Thus given this reading, on the one hand, clause
(vAnd**) of 2S¥,. represents the fact that a conjunc-
tion is true in S§j, if either both conjuncts are true
(the classical case), or one of the conjuncts is a truth-
value glut (the PWK case) but the remaining con-
junct is not a truth-value gap. The corresponding two-
valued representation of this, taking truth-value gluts
to be true sentences whose negations are also true, and
taking truth-value gaps to be false sentences whose
negations are also false, is clearly the target clause
(vAnd*).

On the other hand, given this reading, clause (vOr**)
of 2dS¥,, represents the fact that a disjunction is true
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in dSY, if either disjunct is true (the classical case)
and none of the disjuncts is a truth-value gap (the
KY case), or alternatively if one of the disjuncts is a
truth-value glut. The corresponding two-valued repre-
sentation of this, is clearly the target clause (vOr*).
Again, as expected, in the following facts we show
the equivalence between the two-valued logics and the
corresponding four-valued presentation.

Fact 5.23. 2S¥,, = S¥..

Proof. To prove the left to right direction, suppose
that I' ¥sw A. Hence, there must be a Sfy.-valuation,
v, such that v[['] C {t,u1}, but v(A) ¢ {t,u;}, wit-
nessing this fact. So, let’s build a valuation v*, such
that for each propositional letter ¢:

o If v(¢) € {t,u;} then v*(¢) =t.
o If v(¢) ¢ {t,u;} then v*(¢) =f.

By a straightforward induction it can be shown that
v* is a 28¥.-valuation, such that v*[[] C {t}, but
v*(A) ¢ {t}, and therefore I Fogw A.

To prove the right to left direction, suppose that
I' Fogw A. Therefore, there must be a 28¥,.-valuation,
v, such that v[['] C {t}, but v(A) ¢ {t}, witnessing
this fact. Thus, let’s build a valuation v*, such that
for each propositional letter ¢:

o If v(¢p) =t and v(¢) = v(# ¢) then v*(¢) = u;.
o If v(¢p) =f and v(¢) = v(# ¢) then v*(¢) = ua.
o Otherwise, v(¢) = v*(¢).

Again, by a typical induction, it’s easy to check that
for every formula B,

o If v(B) =t then v*(B) € {uy,t}.
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o If v(B) =f and v*(B) € {uy,f}.

It’s worth pointing out that there are two problem-
atic cases in the induction: the first one related with
disjunction and the other, with conjunction. In both
cases, this is caused by the fact that the infectious
value is not designated. In the case of disjunction,
the situation is exactly the same as in the proof of
Stae €2 Stge (see Fact 5.17). In the case of conjunc-
tion, given two formulae B and C, it’s not sufficient
that v*(B) € {t,u1} and v*(C) € {t,u;1} in order to
guarantee that v*(B A C) € {t,u;1} (clause (vAnd)).
Moreover, it’s easy to check that similarly the clause
(vAnd)* is not sufficient either. Thus, it’s straight-
forward looking at the truth tables that the more re-
strictive clause (vAnd)** does the job.

Therefore, it can be easily shown that v* is a S¥j.-
valuation, such that v*[I'] C {uj,t}, but v*(A) ¢
{uy,t}, and thus I' Fgw A O

Fact 5.24. 2dSY¥,, = dSY¥,..

Proof. The proof is similar to the proof of Fact 5.23.
O

6 LFIs AND LFUs BASED ON WEAK KLEENE
LOGICS

As we remarked, the Weak Kleene logics can be shown
to be the {—, A, V}- or the internal fragments of the the
Logics of Nonsense. Therefore, we proceed to present
all of these systems in their corresponding matrix set-
tings.

In what follows we will provide a slightly modi-
fied presentation of Bochvar, Halldén and Segerberg’s
Logics of Nonsense. On the one hand, it is a nota-
tional variation because, in Bochvar’s case, we substi-
tuted the unary external assertion operator AA with

Manuscrito — Rev. Int. Fil. Campinas, v. 42, n. 1, pp. 1-43, Jan-Mar.
2019.



Two-Valued Weak Kleene Logics 33

the unary connective oA; in Halldén’s case we sub-
stituted the unary meaningfulness operator +A with
the unary connective oA; and in Segerberg’s case we
substituted the unary external assertion operator T A
for the unary connective oA. On the other hand, the
following is an abbreviated presentation of these log-
ics because, in Bochvar’s case, the external negation
operator ~A is not introduced as primitive, but is de-
finable as o—A. These differences in the presentation
do not imply, however, any substantial modification
whatsoever of the systems that we now introduce.

Definition 6.1. The ezternal propositional language
Y is defined by:

sE—%l fori=0o0ri>2 2EF=xlu{o}

Definition 6.2. Let the functions fg and fg, defined
on the set {t,u,f} be as follows

| 18, | fa,
t t t t
u f u f
f f f t

These functions are referred to as the external asser-
tion operation and the meaningfulness operator, re-
spectively, in [3] and [19].

Definition 6.3. For X € {Bg3, Hs, S3}, a three-valued
X-matrix is the following ¥.F-matrix, where

{t,u, £}, { fwk: fivie [k }) 1s the 3-element Weak
Kleene algebra, and moreover fg,  and ff, are as in

Definition 6.2, and fg, = fB,-

MBs = <{t7 u7f}7 {t}a {f;VKa f:%g? f<7\VK7 f%/VK}>

Mu, = ({t,u,f}, {t,u}, { fwk, ff,, f'wk: [wk))
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Ms, = ({t,u, £}, {t,u}, { fwk, /S, fovk, f'wk))

Definition 6.4. For X € {Bs,Hs,S3}, the three-
valued logic X = (FOR(XF),Ex) is defined as follows,
letting VX be the set of M x-valuations

[ Fp, A <= for every valuation v € VB3 if
v[[] C {t}, then v(A) € {t}

[ Fy, A <= for every valuation v € VHs_if
v[[] C {t,u}, then v(A) € {t,u}

I' s, A <= for every valuation v € VSs if
v[[] C {t,u}, then v(A) € {t,u}

Remark. The logic KY' is the {—, A, V}- or the internal
fragment of the logic B3, whereas the logic PWK is
the {—, A, V}- or the internal fragment of the logics
Hj3 and Ss.

As noticed in [11]| B3 is a Logic of Formal Undeter-
minedness (LFU, for short), whereas Hs and S3 are
Logics of Formal Inconsistency (LFI, for short). LFUs
and LFIs are, respectively, non-classical logics para-
complete and paraconsistent logics that are endowed
with recovery operators that count with linguistic de-
vices to mark those pieces of language which can be
used to infer classically. The tradition of such well-
behavedness operators goes back to the works of New-
ton da Costa and his C-systems in [13], [12], but it
later sprung as a field of study in itself, focusing on
logics with primitive recovery operators in the works
[8], [7], [25], [6] of e.g. Carnielli, Marcos and Coniglio,
among others. These family of logics can be defined
as follows.

Definition 6.5 ([7]). A logic L is a Logic of Formal In-
consistency if and only if there is some possibly empty
set of formulae o(«) depending on « such that the fol-
lowing conditions are met:
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There are some some I' C FOR(X) and o, €
FOR(X) such that:

1. Ta,~a ¥ S
2. To(a),a ¥ B
3. T o(a),~a ¥ 3

And for all ' C FOR(Y) and a, 5 € FOR(Y):
4. T o(a),a,~aE

Definition 6.6 (|11]). A logic L is a Logic of Formal
Undeterminedness if and only if there is a possibly
empty set of formulae x(«) depending on «, such that
the following conditions are met.

There are some some I' C FOR(Y) and a € FOR(X)
such that:

1. TF o, -«
2. TEx(a),a
3. T'E x(a), ~«a

And for all ' C FOR(Y) and o € FOR(Y):
4. T F *(a), a, v

Finally, let us highlight that the logics K3 and
PWK are indeed infectious logics, while the logics
B3, H3 and S3 are not infectious logics. What makes
the latter be non-infectious is, precisely, the fact that
they are equipped with the so-called external connec-
tives that “classicize” every formula they are applied
to, thereby taking the alleged infectious value to some
other different value and disrupting its infectious be-
havior. Thus, it is right to say that Bz, Hg and Sg
are, respectively, an LFU and two LFIs defined in ez-
tensions of infectious logics.?

8For more on LFUs and LFIs defined in extensions of infec-
tious logics, see [35].
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6.1 Two-valued Logics of Nonsense

As in the previous section, we take most of the termi-
nology deployed for defining two-valued Logics of Non-
sense from [6]. In this case the clause (vConsCiw)
is the combination of clauses (vCons) and (vCiw),
while (vConsCiw™) is original to this work.

Definition 6.7. A bivaluation v : FOR(XF) — {t,f}
satisfying the clauses (vINeg)’, (vAnd), (vOr*), (vNeg)”,
(vDM,), (vDM, ) and— additionally—the following
clause, is a B3 valuation:

(vConsCiw™*) v(cA) =t <= v(4) =t
The set of all such valuations is VB3,

Definition 6.8. Let B3 = (FOR(XZF),Fap,) be a
two-valued logic defined such that

I' Fag, A <= for every valuation v € V2B3, if
v[[] C {t}, then v(A) € {t}

Notice that the clause (vConsCiw*) makes sense
in a two-valued presentation of Bochvar’s logic Bsg,
since Bochvar’s interpretation of his external assertion
operator, here represented with the symbol o, has it
that oA is true if and only if A is true, and is false
otherwise.

Definition 6.9. A bivaluation v : FOR(X¥) — {t,f}
satisfying satisfying the clauses (vNeg), (vAnd*),
(vOr), (vNeg)”, (vDM,), (vDM, ) and— additionally—
the following clause, is a 2Hjz a valuation.

(vConsCiw) v(0A) =t < v(A) # v(—A)
The set of all such valuations is V-Hs.

Definition 6.10. Let 2H; = (FOR(ZF),Fapy,) be a
two-valued logic defined such that
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I' Fagg, A <= for every valuation v € V2H3, if
v[[] C {t}, then v(A) € {t}

Notice, moreover, that the clause (vConsCiw) makes
sense in a two-valued presentation of Halldén’s logic
H3, since his meaningfulness operator, here represented
with the symbol o, has it that oA is true if and only if
A is either true or false, in other words, if it is not non-
sensical or meaningless. But given, in our two-valued
presentation of Halldén’s logic, nonsensical sentences
are the only sentences which allow for v(A) to be iden-
tical to v(—A), our target clause does exactly the job
we need it to perform.

Definition 6.11. A bivaluation v : FOR(XF) —
{t, f} satisfying satisfying the clauses (vINeg), (vAnd*),
(vOr), (vNeg)”, (vDM,), (vDMy) and (vCon-
sCiw) is a 2S3 a valuation. The set of all such valua-
tions is VS5,

Definition 6.12. Let ?S3 = (FOR(XF),Fzg,) be a
two-valued logic defined such that

I' Fog, A <= for every valuation v € VQS3, if
v[['] C {t}, then v(A) € {t}

Fact 6.13. B3 = B3

Proof. The proof is similar to the proof of the Fact 5.11.
From left to right, assume that I' ¥, A and let a

Bs-valuation v such that [I'] C {t} and v(A) ¢ {t}
witness this fact. Construct a valuation v* as follows:

e If v(¢) = u, then v*(¢) =f
o If v(¢) # u, then v*(¢) = v(¢p)

with ¢ any atomic formula. By a straightforward in-
duction it can be shown that v* is a 2Bs-valuation such
that v*[['] C {t} and v*(A) ¢ {t}, witnessing the fact
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that I' ¥2p, A. Among other things, it’s worth noting
that the presence of the operator o doesn’t affect this
induction, since fg (u) = fg,(f) = f. Thus, B3 C
Bs.

From right to left, assume I" ¥2g, A. Thus, there is
a 2Bs-valuation v such that v[['] C {t} and v(A) ¢ {t}
witnesses this fact. Construct a valuation v* as follows,
letting ¢ be any atomic formula:

o If v(¢p) = v(—¢), then v*(¢) = u
o Tf 0(6) £ v(~), then v*(6) = v()

Again, by a straightforward induction it can be ob-
served that v* is a Bg-valuation such that for every
formulae B:

o If v(B) =t, then v*(B) =t

o If v(B) = f, then either v*(B) =uor v*(B) =f

Notice that the induction is not interfered by the pres-
ence of o since for every valuation v* €2 B3, v(cA) =t
if and only if v(A) # v(—A). Therefore, it is a Bs-
valuation such that v*[I'] C {t} and v*(A) ¢ {t},
thereby witnessing the fact that I' #g, A. O

Fact 6.14. 2H; = H;
Proof. Similar to the proof of Fact 6.13, with the only
difference that in the above proof we need to change

the clauses for the construction of v*, as in the proof
of Fact 5.12. O

Fact 6.15. 2S3 = S;

Proof. Similar to the proof of Facts 6.13 and 6.14. [
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7 CONCLUSION

In this paper, we have provided two-valued seman-
tics to some many-valued logics, and we have ana-
lyzed the behaviour of the connectives defined in the
resulting systems. In this sense, firstly, we have fo-
cused on Weak Kleene logics (K¥ and PWK) and on
some four-valued infectious subsystems of these logics
(Stde, dSsde, STy and dSF;.). Next, we have shown
how to provide two-valued semantics to the Logics of
Nonsense (Bsz, Hs and S3), which are proper LFIs
and LFUs defined in extensions of the Weak Kleene
logics. All of these systems are usually characterized
via 3-element or 4-element algebras and they are of-
ten considered as essentially many-valued logics. Pro-
viding a different perspective on this issue, we offered
alternative two-valued semantics for them and showed
the equivalence between these semantics and the orig-
inal ones. With these reductions we think we clar-
ify the non-standard behavior of the logical connec-
tives in Weak Kleene systems. In particular, two-
valued semantics are suitable to enlighten the prop-
erties of paraconsistency and paracompleteness related
with the oddity in the definition of the conjunction and
the disjunction, respectively. Finally, our aim here was
not to argue for the two-valued presentations of the
systems. On the other hand, we think that both ap-
proaches are complemented and each one is interesting
by itself.
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